We consider some elementary aspects of the geometry of the space of probability measures endowed with Wasserstein distance. In such a setting, we discuss the various terms entering Perelman's shrinker entropy, and characterize two new monotonic functionals for the volumenormalized Ricci flow. One is obtained by a rescaling of the curvature term in the shrinker entropy. The second is associated with a gradient flow obtained by adding a curvature-drift to Perelman's backward heat equation. We show that the resulting Fokker-Planck PDE is the natural diffusion flow for probability measures absolutely continuous with respect to the Ricci-evolved Riemannian measure, and we discuss its exponential trend to equilibrium.
INTRODUCTION
The Ricci flow introduced by R. Hamilton [17] , (see [1, 11, 18] for reviews), is a geometric evolution equation which deforms the metric g of a Riemannian manifold (Σ, g) in the direction of its Ricci curvature Ric(g). Under suitable conditions it provides the natural technique for smoothing and uniformizing (Σ, g) to specific model geometries. From the perspective of theoretical physics, the Ricci flow often appears as a real-space renormalization group flow describing the dynamics of geometrical couplings. Typical examples are afforded by non-linear σ-model theory [15] or by the averaging of cosmological spacetimes [9, 10] . In such a setting, in order to estimate the net effect of renormalization on the scaling of geometrical parameters, it is often desiderable to establish monotonicity results for the various curvature functionals associated with the flow. This is an extremely non-trivial task and the recent results by G. Perelman [28] provide an important unexpected breakthrough of vast potential use in geometrical physics. Apparently inspired by the dilatonic action in string theory, Perelman has introduced [28] the two functionals (see below for notation) depending on the geometry of the Riemannian manifold (Σ, g(β)) undergoing a Ricci flow evolution β → g(β), β ∈ [0, T ), and on the choice of a probability measure d̟(β) = (4πτ (β))
denoting the normalized Riemannian volume element), associated with a backward diffusion of the function f . The functional F [g; f ] has, as already stressed, the structure of the dilatonic action, familiar in non-linear σ-model theory and in the statistical mechanics of extended objects. W [g; f β , τ ] is basically a scale-invariant generalization of F [g; f ] associated with the introduction of the scale parameter τ (β), which controls the localization properties of the measure d̟(β). The basic property of F [g; f ] and W [g; f β , τ ] is their weakly monotonic character along Ricci flow trajectories, a fact that has been put to use by Perelman [28, 29, 30] in his work on the proof of Thurston geometrization conjecture. Such monotonicity properties and a few formal similarities with standard entropies in statistical mechanics accounts for the attribute entropic. Further justifications come from a closer look into the structure of F [g; f ] and W [g; f β , τ ]. In this connection, the functional W [g; f β , τ ] is particularly interesting since, as is easily checked, it contains a natural combination of the relative entropy S[d̟(β)||dΠ β ] associated with the pair of measures (dΠ β , d̟(β)), of the corresponding entropy generating functional I[d̟(β)||dΠ β ], and of the d̟(β)-localized curvature average < R(β) > d̟ (β) . = Σ R(β)d̟(β). The particular form of their combination in W [g; f β , τ ] is strongly suggested by the theory of logarithmic Sobolev inequalities [28, 16] . Note that < R(β) > d̟(β) enters as a defective parameter setting the size of scalar curvature over the region where d̟(β) is localized. It is interesting to remark that none of the constituents of W [g; f β , τ ] has, by itself, any manifest monotonicity property along Ricci flow trajectories, and it is just their overall interaction in W [g; f β , τ ] that makes the shrinker entropy monotonic. Various authors [14, 23, 24] have exploited the strategy suggested by Perelman's construction and succeded in specializing or extending W [g; f β , τ ] to other specific settings. However, the natural question of the monotonicity of the constituent entropic functionals generating W [g; f β , τ ] does not seem to have received particular attention. Such an analysis is relevant to the physical applications of the Ricci flow and also for a deeper understanding of the properties of Perelman's shrinker entropy. In this paper we discuss such an issue in connection with the volume-normalized Ricci flow (such a choice being motivated by our long-standing interest in cosmological applications of the theory). Our main results are twofold. The analysis of the volume-normalized version of the Hamilton-Perelman flow easily shows that by a natural renormalization τ (β) → τ (β) of the scale parameter τ (β) one can make explicitly monotonic the curvature term τ (β) < R(β) > d̟(β) appearing in W [g; f β , τ ]. In this way, we can explicitly relate the growth properties of scalar curvature to the localization behavior of d̟(β). This strategy suggests also that, by deforming Perelman's backward diffusion {d̟(β)} β<T → {dΩ(β)} β<T by adding a suitable drift term, one may get also monotonicity for the corresponding renormalized relative entropy S[dΩ(β)||dΠ β ]. Quite remarkably, the answer is in the affirmative and the resulting deformation is provided by a Fokker-Planck (backward) diffusion {dΩ t } t≥0 , t . = β * − β, with a drift term generated by the scalar curvature fluctuations. We show that, in a well-defined sense, this Fokker-Planck process is the natural diffusion along the (volume-normalized) Ricci flow. The analysis of {dΩ t } t≥0 shows that we are dealing with a gradient flow generated by a (weakly) monotonic relative entropy S[dΩ t ||dΠ t ]. As an elementary consequence of such a monotonicity, we prove that if the Ricci curvature is positive then one gets exponential convergence of {dΩ t } t≥0 to dΠ t . Our analysis relies on a remarkable parametrization of diffusion processes suggested by F. Otto [26, 27] related to the use of the Wasserstein metric on measure spaces [32] . The distance induced by such a metric provides a way of turning the space of probability measures on a Riemannian manifold into a geodesic space, and has recently drawn attention in attempts of extending the notion of Ricci curvature to general metric spaces [21, 22, 32, 34] . The preliminary results presented in this paper point to the possibility, recently advocated also by J. Lott and C. Villani, that the use of the geometry of the space of probability measures and of the associated notions of optimal transport and Wasserstein metric may also play a significant role in Ricci flow theory.
1
Probability measures and Hamilton-Perelman Ricci flow
g dµ g respectively denote the Riemannian density, the volume, and the corresponding normalized measure on a smooth three-dimensional compact Riemannian manifold (Σ, g) without boundary. In what follows, we will often refer to the space P rob(Σ) of all Borel probability measure on Σ, endowed with the topology of weak convergence, and characterized by
where C b (Σ, R + ) is the space of positive bounded measurable functions [13] . For simplicity and later convenience we shall restrict our attention to smooth probability measure with finite k-th moments, k ≥ 1, i.e., we assume that N satisfies Σ [d g (x, y)] 2 N dΠ < ∞ for some (and hence all) x ∈ (Σ, g), where d g (x, y) denotes the Riemannian geodesic distance in (Σ, g)). Typically one assumes k = 2.
Otto's parametrization
As suggested by F. Otto [26] , (see also the remarkable paper [27] on which this section is based and from which I extracted many remarks), when discussing probability diffusion semigroups on manifolds it can be profitable to consider P rob(Σ) as an infinite dimensional manifold locally modelled over the Hilbert space completion of the tangent space
with respect to the inner product defined, for any ϕ, ζ ∈ C ∞ 0 (Σ, R), by the Dirichlet form
Under such an identification, one can represent vectors in T N P rob(Σ) as the solutions of an elliptic problem naturally associated with the given probability measure according to
where, for any given pair (h, N ), the function ψ is formally determined by the elliptic PDE
under the equivalence relation ∼ identifying any two such solutions differing by an additive constant. In general, such a characterization is somewhat heuristic, at least in the sense that its validity must be checked case by case.
As we shall see, it applies in our setting, and it provides a useful framework for discussing the entropic aspects of the volume-normalized Ricci flow.
Relative entropy and the entropy production functional
Given two probability measures d̟ and dθ ∈ P rob(Σ), the relative entropy functional (of d̟ with respect to dθ) is defined [13] according to
where d̟ << dθ stands for absolute continuity. Jensen's inequality implies that S[d̟ dθ] ∈ [0, +∞], (this can also be checked directly by noticing that S[d̟ dθ] can be rewritten [27] as the integral of the non-negative function d̟ dθ ln d̟ dθ − 1 + 1). Moreover, as a function of the probability measures d̟ and dθ, the functional S[d̟ dθ] is convex and lower semicontinuous in the weak topology on P rob(Σ), and S[d̟ dθ] = 0 iff d̟ = dθ. It can be characterized [13] by the variational formula
Roughly speaking S[d̟ dθ] provides the rate functional for the large deviation principle [13] controlling how deviant is the distribution of d̟ with respect to the reference measure dθ in P rob(Σ). In particular one has [13] (Pinsker's inequality)
where we have introduced the total variation norm on P rob(Σ) defined by
with f b ≤ 1 the uniform norm on C b (Σ; R). This is a particular (and elementary) case of transportation inequalities involving S[d̟ dθ] and the notion of Wasserstein distance between probability measures [33] . Let us recall that we define the Wasserstein distance of order s between d̟ and dθ in the space of probability measures (with finite s-moments) P rob(Σ × Σ) as
where I(d̟, dθ) ⊂ P rob(Σ × Σ) denotes the set of probability measures on Σ×Σ with marginals d̟ and dθ, i.e., such that π(Ω×Σ) = d̟(Ω) and π(Σ× Ω) = dθ(Ω) for any measurable set Ω ⊂ Σ; (I(d̟, dθ) is often called the set of couplings between d̟ and dθ). Note that by Kantorovich-Rubinstein duality, we have that
represents, as we consider all possible couplings between the measures d̟ and dθ, the minimal cost needed to transport d̟ into dθ provided that the cost to transport the point x into the point y is given by d(x, y) s . The distance D W s (d̟, dθ) metrizes P rob(Σ) turning it into a geodesic space. The pair (P rob(Σ), D W s (d̟, dθ) has recently drawn attention [21, 22, 25, 32, 34 ] as a suitable setting for extending the notion of Ricci curvature to general metric spaces. In this connection a particularly elegant approach has been introduced in [34] , by relating a suitable notion of convexity of the entropy functional S[d̟ dθ] with the Ricci curvature of (Σ, g). Explicitly, ( [34] ,
, (note that, typically, γ is not the linear interpolation of d̟ and dθ), then a lower bound on Ric(g) is equivalent to the K-convexity of S[d̟ dθ] along any such geodesic γ, i.e.
Such a result again points to transportation inequalities [5, 20, 33] . For our purposes, it is sufficient to recall the (simpler) bound ([6] case 5 of Th.1) which always holds on compact Riemannian manifolds
where diam(Σ, g) . = sup{d g (x, y); x, y ∈ (Σ, g)} denotes the diameter of (Σ, g).
We conclude this introductory section by recalling that if the probability measures d̟ and dθ are related to a diffusive process on the Riemannian manifold (Σ, g), then the approach to relative equilibrium d̟ ⇒ dθ is often controlled in terms of a logarithmic Sobolev inequality [13, 16, 27] . It can be conveniently expressed [13, 27] in the so-called defective form as
where ρ > 0 and B ≥ 0 are constants depending on the underlying geometry of (Σ, g), and
(1.14)
is the entropy production functional (or Fisher information [13] ). In general we can set B = 0 in (1.13), however, as will become apparent after equation (1.36) below, the defective form (1.13) has some notational advantages in our setting. Recall also that if we assume the Bakry-Emery criterion [2] Ric(g) − Hess(ln d̟ dθ ) ≥ ρ g, where Hess(•) denotes the Hessian on (Σ, g), then LSI(ρ; B) holds on compact Riemannian manifolds without boundary [4, 7, 8, 13, 31, 23 ].
1.3
Perelman's W -functional for the volume-normalized Ricci flow
To put the above probabilistic remarks in perspective we outline the characterization of the scale-dependent Hamilton-Perelman flow [28] . Let us consider the volume normalized Ricci flow β → g ab (β), 0 ≤ β < T [11, 17] associated with a metric g ab on a three-dimensional manifold Σ (1.15)
where R ab (β) denotes the components of the Ricci tensor of g ab (β), and
is the averaged scalar curvature with respect to the Riemannian measure dµ g(β) defined by g ab (β).
One basic idea in Perelman's approach [28] is to consider, along the solution g ab (β) of (1.15), a β-dependent mapping
where C ∞ (Σ β , R) denotes the space of smooth functions on Σ β . In terms of f β one constructs on Σ β the β-dependent measure
where β −→ τ (β) ∈ R + is a scale parameter chosen in such a way as to normalize d̟(β) according to
It is easily verified that Σ β d̟(β) is formally preserved along the Ricci flow
if the mapping f β and the scale parameter τ (β) are evolved backward in time β ∈ (β * , 0) according to the coupled flows defined by
where ∆ g(β) is the Laplacian with respect to the metric g ab (β), and f * , τ * are given (final) data, (backward β-evolution is required in order to have a well-posed parabolic initial value problem for (1.21)).
The flows defined by (1.15) and (1.21) are based on the standard volume preserving Ricci flow and accordingly differ from those discussed by Perelman [28] which, in terms of an evolution parameter η and of the corresponding fields g ab (η), τ (η), and f η , read (1.23 ) and the one defined by (1.21) are related by the usual η-dependent homotetic rescaling [17, 1, 11] , which maps ∂ ∂η g ab (η) = −2 R ab (η) to the volume-normalized Ricci flow (1.15), i.e.,
τ (η).
The shrinker entropy
The remarkable fact is that with (1.22) and (1.23) one can associate Perelman's shrinker entropy W [ g(η); f η , τ (η)], defined by [28] (1.27)
The basic property of W [ g(η); f η , τ ] and of the related functional
it is monotonically nondecreasing along (1.23) and it provides a gradient-like structure to the Hamilton-Perelman Ricci flow, (however, this latter interpretation must be taken with care since, as remarked, the geometric evolution of the metric and of f (η) are backward-conjugated). Explicitly, one computes (see [19] for a very informative analysis)
, where the inf is taken over all normalized f η , one shows that inf τ >0 λ( g, τ ) is actually attained and is nondecreasing along the Ricci flow. In particular, λ( g, τ ) < 0 for small τ , and → 0 as τ ց 0, for any g on Σ. This basic property allows to probe quite effectively the geometry of (Σ, g(η)) by showing that the only shrinking Ricci flow solitons are the gradient solitons [28] .
Since the equations for f β or f η have the same scale invariant structure, the shrinker entropy and its evolution extend, in an obvious way, to the volume normalized Hamilton-Perelman flow (1.21), viz.
What is more interesting to note is that if we introduce the normalized Riemannian measure
associated with the (volume preserving) Ricci flow, then the W -functional (1.29) can be be equivalently written as
is the average scalar curvature with respect to d̟(β), and
respectively denote the entropy production functional and the relative entropy associated with the pair of probability measures (d̟(β), dΠ β ). Note that the factor V ol(Σ) (4πτ (β))
2 is the volume of Σ in the rescaled metric (4πτ (β)) −1 g ik (β), and is generated by the normalization of f β e −f β to the probability measure density d̟(β)/dΠ β .
It is important to remark that R(β) d̟(β) , S[d̟(β) dΠ β ], and I[d̟(β) dΠ β ] are not manifestly monotonic along the Hamilton-Perelman flow, and
Such a role of the (defective) logarithmic Sobolev inequality does not surprise since the very structure of the standard Gaussian logarithmic Sobolev inequality [16, 28] lies at the origin of the definition (1.27) of the shrinker entropy.
A renormalized curvature entropy
There is a fairly immediate consequence of the volume normalized HamiltonPerelman flow (1.21) which is connected to the fact that the scale parameter τ (β) acquires a subtler evolution as compared to the dynamics described by the flow (1.23). The result that we wish to look at concerns the curvature term τ R d̟ appearing in the shrinker entropy. As already stressed, this term is not weakly-monotonic along the flow, and it is an interesting problem to characterize a suitable average of the scalar curvature which has a more natural entropic behavior. We start by observing that if we assume that there exist constants (depending on t) C
where for any chosen final scale β * ∈ [0, T ), we have set t . = β * − β and τ 0 . = τ (t = 0). This expression implies that there is a natural deformation of the defective parameter τ R d̟ which is weakly monotonic. In order to characterize such a deformation let us consider, as in the above analysis, a Ricci flow metric β −→ g(β), β ∈ [0, T ), with t .
Along the given volume-normalized Ricci flow we have
Note that Perelman's condition (1.21) yields the conjugated heat equation
Since dΠ t is covariantly constant with respect to the Levi-Civita connection ∇ associated with g(t)
(1.42)
(this is equivalent to the familiar formula ∂ i ln g(t) = δ c a Γ a ic (t), where Γ a ic (t) are the Christoffel symbols associated with g ab (t)), we can exploit (1.39) and write (1.40) as the (non-uniformly parabolic) probability diffusion (d̟(t)) t≥0 PDE,
With these remarks along the way, we have the following monotonicity result
, and for any chosen β * ∈ [0, T ), let t −→ d̟(t), and t −→ τ (t), t . = β * − β, be the solutions of (1.43) and (1.38) corresponding to the initial data d̟ 0 and τ 0 , respectively. If we define the renormalized curvature part of the shrinker entropy according to
then we have
In particular,
is nonincreasing as a function of t ∈ [0, β * ).
Proof. Let us recall that along the (volume-normalized) Ricci flow β → g ik (β), β ∈ (0, T ) we have [11] (1.47)
where Ric denotes the trace-free part R ab − 1 3 g ab R of the Ricci tensor. According to (1.38) and (1.37) we can define
and a direct computation exploiting (1.47) provides
Since Σ ∆ g(t) R(t)d̟(t) = Σ R(t)∆ g(t) (d̟(t)) and | Ric| 2 + 1 3 R(t) 2 = |Ric| 2 , we get the stated result.
The monotonicity of (1.46) immediately implies that
for any t 2 ≥ t 1 . Thus, if R(t 1 ) d̟(t 1 ) ≤ 0, the measure {d̟(t)} t≥t 1 will diffuse in a region of (Σ, g(t)) where R(t) ≤ 0, (regardless of the sign of the overall average R(t) Σt ). Since t parametrizes the backward flow, this remark implies that regions of negative scalar curvature result from the Ricci flow β-evolution of regions with negative scalar curvature (in other words localized positive scalar curvature cannot evolve into negative scalar curvature under the Ricci flow). This is another manifestation of the fact that the flow prefers positive scalar curvature.
More generally, we can rewrite the evolution equation in Theorem 1.1 as
which, by factorizing the Ricci tensor in its trace-free and trace part, and by adding and subtracting the term
Since the terms on the right hand side of this expression are all non-negative, we get (after dividing and multiplying by τ (t) > 0)
This differential inequality integrates to
where 0 ≤ ζ ≤ t, and R 0 . = R(t = 0). Since R 0 d̟ 0 results from the β-evolution of R in the regions localized by the measure d̟(t), the above estimate allows, as we have seen above, to compare scalar curvature at different times in different regions along the backward Ricci flow.
2
Ricci flow and Fokker-Planck diffusion on P rob(Σ)
According to (1.44) the monotonicity of τ (t) R(t) d̟(t) follows from a renormalization of the curvature part τ (t) R(t) d̟(t) of the shrinker entropy (1.29). Thus, a natural question concerns the existence of analogous deformations of Perelman's backward diffusion process (d̟(t)) t≥0 such that the corresponding relative entropy is manifestly monotonic. As we shall see, the simplest answer is provided by deforming (1.43) into a Fokker-Planck diffusion process with a drift term related to scalar curvature fluctuations.
To better motivate our analysis we now discuss an elementary result relating the mean square fluctuations in scalar curvature to a natural volume entropy associated with the Ricci flow.
A fluctuation-dissipation result for the Ricci flow
Let β → g(β) be a smooth solution of the volume normalized Ricci flow on Σ × [0, β * ]. Then, for any given t ∈ [0, β * ], let H t : P rob(Σ) −→ P rob(Σ) be defined by dΠ 0 −→ H t (dΠ 0 ) = dΠ t , where
A few elementary properties of such a mapping are provided by the 
Moreover, for ∆t ⊂ [0, β * ) sufficiently small, there is a smooth function F : ∆t → R, depending on ∆t, max x∈Σ |Ric(g(s))| and max x∈Σ |∇ Ric(g(s) )|, such that the following fluctuation-dissipation estimate holds
where s 0 ∈ ∆t, and diam(Σ, g(t)), D W r (dΠ t+∆t , dΠ t ) respectively denote the diameter of (Σ, g(t)), and the Wasserstein distance (of order r) between the measures dΠ t+∆t and dΠ t .
Proof. Since we are considering a smooth, volume preserving, Ricci flow
where {y k } denote local coordinates on (Σ, g ab (β * )), and g(β)dx 1 dx 2 dx 3 is the Riemannian volume form in the local coordinates {x i } on (Σ, g ab (β)). In such a framework, as long as (Σ, g ab (β)) remains compact, (i.e. if (Σ, g ab (β)) does not develop singularities as β → β * ), we can apply Moser's theorem (see e.g. [3] , 7.2.3) according to which, on a compact manifold Σ admitting two volume forms dµ and dν with Σ dµ = Σ dν, there exists a diffeomorphism φ : Σ −→ Σ such that φ * dµ = dν. In our case, in terms of the variable t . = β * − β, this implies that there exists a t-dependent diffeomorphism
where
is the Jacobian of φ t . We can equivalently rewrite (1.39) as (2.8)
Integrating over (Σ, dΠ t ) we get (2.10)
Along the non-sigular solutions of the volume-preserving Ricci flow the functional S[dΠ t dΠ 0 ] is smooth and can be differentiated according to
From which it follows that
, Since the choice of the origin t = 0 is arbitrary, the above results remain true for every t, under the appropriate shift in relative entropy, i.e., 
then we can write
where C depends on ∆t, max x∈Σ |Ric(g(t))|, and max x∈Σ |∇ Ric(g(t))|. By setting F (t) . = S (3) (t) and exploiting (1.12), we get the estimate (2.3). In particular
which is a fluctuation-dissipation result for the flow H t , since it implies that the approach to equilibrium for dΠ t along the Ricci flow is, to leading order, governed by the mean square fluctuations in scalar curvature. Note that, for the case r = 1, according to Pinsker's inequality (1.8), we obtain the simpler bound
which allows to control the approach to equilibrium (dΠ t+∆t → dΠ t ) in the total variation norm.
A potential for scalar curvature fluctuations
According to Lemma 2.1 the dynamics of the (backward) diffusion (dΠ(t)) t≥0 along the Ricci flow is governed by the mean square fluctuations in scalar curvature. Such fluctuations strongly interact with any other diffusion process we may wish to consider along the Ricci flow, (e.g., Perelman's distribution (d̟(t)) t≥0 ), and the natural modelling of any such a diffusion is the FokkerPlanck dynamics describing a probability density undergoing diffusion in a potential field. To fully exploit such a description we need to characterize the velocity field generating the mapping H t , i.e., the tangent vector ∈ T dΠt P rob(Σ) to the fiducial curve t → dΠ t . Let us consider a generic value of the parameter t, say t = s. Since Σt ∂ ∂t dΠ t | t=s = 0, we have that ∂ ∂t dΠ t | t=s ∈ T dΠt P rob(Σ). According to (1.5) , it is useful to parametrize ∂ ∂t dΠ t | t=s in terms of a scalar curvature-fluctuations potential Φ s obtained as the solution of the elliptic equation
where ∂ ∂t dΠ t | t=s is given by (1.39) for each given t = s, i.e., (again exploiting the covariant constancy of dΠ t ),
Formally, given a solution Φ s of (2.21) and any (t-independent) smooth function with compact support ζ ∈ C ∞ 0 (Σ, R), we can write
According to (1.3) the relation (2.22) identifies dΠ t −→ Φ t as the tangent vector to the curve t → dΠ t and defines the curvature (fluctuation) potential in which a probability density, evolving along a Ricci flow manifold, diffuses.
Since Σ dΠ s (R(s) − R(s) ) = 0, and
we get that, as long as the (volume-normalized) Ricci flow exists, equation (2.21) admits a solution unique up to constants. The L 2 ((Σ, dΠ s ), R) norm of (R(s) − R(s) ) is given by R 2 (s) − R(s) 2 , thus Φ s is in the Sobolev space H 2 ((Σ, dΠ s ), R) if the mean square fluctuations in the scalar curvature are bounded. More generally, we know (see e.g. [11] ) that if β → g ab (β) is a solution of the Ricci flow equation (for which the weak maximum principle holds), then bounds on the curvature (and its derivatives) of the initial metric induce a priori bounds on all derivatives |∇ m R(x, s)| for a sufficiently short time. Thus, for any given t = s for which the Ricci flow is non-singular, we can assume that (R(s) − R(s) ) is C ∞ (Σ, R) and by elliptic regularity we get that Φ s ∈ C ∞ (Σ, R). Along the same lines, we also have Lemma 2.2. For any Φ t ∈ C 3 (Σ, R) solution of (2.21) 
the following relation holds
Moreover, if the Ricci curvature of (Σ t , g(t)) is positive, then
where K t > 0 is the lower bound of Ric(t).
Proof. These results are elementary consequences of the Ricci commutation relation
pointwise. Thus
Σt , where we have integrated by parts and exploited (2.21). Since (2.28)
we get from (2.24)
which, if the Ricci curvature has a positive lower bound K t , yields (2.25) . Note that, since positive Ricci curvature is preserved along the Ricci flow, the bound (2.25) holds for every t.
Note that equation (2.21) has a familiar counterpart in Kaehler geometry where it provides the relation between the Kaehler Ricci potential and the scalar curvature. Moreover, if we consider a gradient Ricci soliton Ric(g(t)) = Hess ψ t , i.e., a fixed point of the flow obtained by quotienting the space of metrics under diffeomorphisms and scalings, then clearly Φ t . = − Ψ t . In the general case, (viz., when (Σ, g) is neither Kaehler or a gradient soliton), we can still obtain a geometrical characterization of Φ s . We start by deriving an asymptotic expression for Φ s valid in local geodesic coordinates (LGC), {x i } LGC , at any given fixed point p ∈ Σ s . Let us denote by r(x) . = d(p, x) the Lipschitz function providing the distance from p to x. For x / ∈ Cut(p), the cut locus of p, we set x j = r u j , with u j coordinates on the unit sphere S 2 ⊂ T p Σ s . The pull-back of the Riemannian measure dΠ s under the exponential mapping exp p : T p Σ s → Σ s , provides the familiar asymptotics in geodesic polar coordinates
where dΠ Eucl. is the standard Euclidean volume element in polar coordinates in T p Σ s , and R ik (p) are the components of the Ricci tensor at p. Thus, if we take the (Euclidean) Hessian of the function 6
LGC (2.31)
and by tracing
where ∆ Euc denotes the standard Euclidean Laplacian. Hence, in local geodesic coordinates we can write
Note that from this latter asymptotics we can formally compute
which shows that, around any given point p, the convexity properties of Φ s are related to the sign of the Ricci curvature. In particular, we have the 
in the barrier sense.
Proof. Let B s (p, r) ⊂ (Σ s , g(s)) be a geodesic ball of radius r centered at the generic point p ∈ Σ s . For any ε > 0, let us define
Away from the cut locus, the function Φ (ε) d(p, x) ) is smooth and such that Φ (ε)
Assume that ∇ u Ric s (u, u)| p = 0, (otherwise move to the next non-vanishing higher order term in the asymptotics). Along a smooth Ricci flow with uniformly bounded curvature operator on Σ×[0, β * ], the derivatives |∇ (k) Ric(g)|, k ≥ 1, are bounded ( [18] , Th. 13.1). Thus, we can assume that the O(r 4 ) terms in (2.37) are uniform in r, and we can define (2.38) 0 < r(ǫ) . = 2ǫ
s (u, r) for 0 < r < r(ǫ). Finally,
Thus, for r sufficiently small, Φ (ε)
) is a lower barrier function for Φ s (x). Since the base point p ∈ Σ s is arbitrary, it follows that Hess Φ s (x) ≥ −Ric(s) + 1 3 R(s) Σs g(s) in the barrier sense.
Note that if the Ricci curvature of (Σ β , g(β)) is bounded below, i.e., if there is a
a relation that will be useful in discussing the approach to equilibrium for the Fokker-Planck dynamics associated with the Ricci flow.
Diffusion along the fiducial flow H t
There is a useful consequence of the above parametrization of the curvature fluctuations which immediately shows why Fokker-Planck evolution is natural when we consider diffusion of a probability measure along the fiducial dΠ t .
Lemma 2.4. For any probability measure dΩ ∈ P rob(Σ), absolutely continuous with respect to dΠ t , the following identity holds along the the volumenormalized Ricci flow
and
respectively denote the relative entropy of dΩ with respect to dΠ t and the associated entropy generating functional. Moreover, one computes
Proof. Since by hypothesis dΩ is a probability measure absolutely continuous with respect to dΠ t , its total mass is preserved along the volume-normalzed Ricci flow. By factorizing dΩ in terms of dΠ t and by exploiting Otto's parametrization (2.21), we get
Integration by parts provides the identity
which we rearrange as
By inserting (2.48) in (2.46) we get(2.42). The proof of (2.45) is a lengthy routine computation which can be performed along the following steps:
The structure of (2.42) suggests to add and subtract, to the ∂ ∂t ln dΩ dΠt terms in the above expression, the quantity
which is the rewriting in terms of ln dΩ dΠt of the generator of the Fokker-Planck operator
appearing in (2.42). Applying the Bochner-Weitzenböck formula
and the identities
(the former obtained by iterated integrations by parts and the second by direct computation [27] ), one eventually gets the stated result.
Fokker-Planck diffusion along the Ricci flow
From Lemma 2.4, we immediately get the following Theorem 2.5. The Fokker-Planck diffusion (dΩ t ) t≥0 generated, along the volume-preserving Ricci flow, by
is the gradient flow of the relative entropy functional S [dΩ t dΠ t ], i.e.,
Moreover, the associated entropy production functional I [dΩ t dΠ t ] satisfies the differential inequality
where K t ∈ R is the (t-dependent) lower bound of the Ricci curvature.
Proof. The first part of the theorem is a direct computational consequence of Lemma 2.4. As for the inequality (2.57), we have, again from Lemma 2.4 
which, as with any Fokker-Planck diffusion, seems to admit the stationary distribution generated by the forcing potential Φ t , i.e.
However, since dΠ t is time-dependent, such a measure is not stationary. In order to get the correct distribution (i.e, stationariety with respect to dΠ t ) let us express (2.55) in terms of the density
This equation admits, say for t ≥ s, the obvious stationary solution dΩ st = {dΠ t } t≥s . Note that in such a case (2.55) reduces to
which, according to (2.21), yields the reference evolution of dΠ t≥s , as required. In its simplest form, the rate of convergence of a solution of (2.65)
to the stationary state dΠ t is governed by a curvature condition which is naturally suggested by the structure of equation (2.58) and which, according to lemma 2.3, is equivalent to the positivity of the Ricci tensor. We get the following result which improves (2.60) 
λ inf t ,
holds, and S [dΩ t dΠ t ] is a convex function along the Ricci flow.
Proof. Since the positivity condition on the Ricci tensor is preserved by the Ricci flow and yields long time existence, we have Ric(β) ≥ K β g(β), K β ≥ c > 0 along the flow. According to lemma 2.3, such positivity implies the condition λ inf (teq−t) ≤ 1, we get
Since the time t is arbitrary, this establishes that a logarithmic Sobolev inequality, of constant λ inf , holds for the diffusion process {dΩ t } t≥0 . Inserting (2.72) in (2.56) we immediatey get the exponential trend to equilibrium (2.66). According to [27] , the validity of the logarithmic Sobolev inequality on (Σ, g(t)) implies the Talagrand inequality and hence (2.67) follows. 
which by Talagrand inequality (2.67) yields
and S [dΩ t dΠ t ] is t-displacement convex along the Ricci flow.
Note that if we introduce the adimensional variable η . = 1 3 λ inf t then (2.74) can be equivalently rewritten as
which is equivalent to Sturm's K-convexity [34] of S [dΩ t dΠ t ], (for K = 1 3 λ inf ), (see (1.11) ). This latter remark indicates that the Fokker-Planck diffusion defined by Theorem 2.5 defines, when the Ricci curvature is positive, a geodesic in the space (P rob(Σ t ), D W 2 (dΩ t , dΠ t )). In this connection, it is worthwhile to note that geodesic convexity for relative entropy was conjectured to hold for Riemannian manifolds with non-negative Ricci curvature by F. Otto and C. Villani [27] . In the case K = 0, the conjecture has been proven in [12] whereas in the general case ( for any K ∈ R) in [34] . In view of these remarks and of the structure of Theorem 2.5, it seems reasonable to expect that geodesic K-convexity for S [dΩ t dΠ t ] holds under less restrictive conditions than Ricci curvature positivity. Such an extension requires a delicate control on the compactness of the Ricci evolving (Σ t , g(t)) in order to get transportation inequalities analogous to (2.67) and will be discussed in a separate paper. . If we replace d̟(t) with dΩ t , this is basically the drift term driving Fokker-Planck diffusion in (2.55). Such a term describes also how the measure d̟(t) localizes the fluctuations in the scalar curvature along the Ricci flow.
Lemma 3.2. For a given Ricci flow metric β −→ g(β), β ∈ [0, T ), and for any chosen β * ∈ [0, T ), let t −→ d̟(t), t . = β * − β, be a solution of the parabolic equation (1.43) 
d̟(t) (R(t) − R(t) ) .
The evolution equation for scalar curvature (1.47) provides Note in particular that if we choose for (1.43) the initial datum d̟(t = 0) = dΠ β * we get,
which again shows the role that mean square fluctuations in scalar curvature have in controlling the concentration mechanism of the measure d̟(t). We can trace here the difference between the standard Perelman flow characterizing the backward diffusion of d̟(t) and the Fokker-Planck diffusion of dΩ t . The former feels curvature fluctuations in a more indirect way as a forcing effect deforming the trajectory of d̟(t) in P rob(Σ). Such a forcing behavior is made manifest by the fact that the evolution of d̟(t) is not the gradient flow of the associated relative entropy, and, according to lemma 3.1, the failure of being gradient is exactly provided by the term Φ t , d̟(t) dΠt dΠt .
Conversely, the diffusion (dΩ t ) t≥0 has the curvature fluctuations taken care of by turning the forcing term Φ t , d̟(t) dΠt dΠt into the drift term Φ t , dΩt dΠt dΠt which renormalizes Perelman's {d̟(t)} t≥0 into the Fokker-Planck diffusion {dΩ t } t≥0 .
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